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Polyhedral Realizations of Crystal Bases




$U_{q}(\mathfrak{g}):=\langle e_{i}, f_{i}, h_{i}\rangle_{i\in I}$
Zelevinsky
\sim
$U_{q}^{-}(\mathfrak{g}):=\langle f_{i}\rangle_{i\in I}$ $B(\infty)$ $\mathrm{K}\mathrm{a}\mathrm{c}$-Moody rank 2
$A_{n}$ $\grave{\nearrow}A_{n-1}^{(1)}$ $([\mathrm{N}\mathrm{Z}])_{\text{ }}$
$B(\lambda)(\lambda\in P_{+})$ [N]
( )






$B_{i}:=\{(x)_{i}|x\in \mathbb{Z}\}\cong \mathbb{Z}(i\in I)$ ( $B_{i}$ )
:
$\Psi_{i}$ : $B(\infty)\llcornerarrow B(\infty)\otimes B_{i}$ $(u_{\infty}\mapsto u_{\infty}\otimes(0)_{i})$ .
$\iota=(\cdots, i_{k}, \cdots, i_{2}, \mathrm{i}_{1})(\mathrm{i}_{k}\in I)$ :
(A) $i_{k}\neq i_{k+1)}$ $\#\{k|ik=\mathrm{i}\}=\infty$ for any $i\in I$ .
$\iota$ ( ):
$\Psi_{\mathrm{t}}$ : $B(\infty)\mathrm{t}arrow B(\infty)\otimes B_{i_{1}}arrow B(\infty)\otimes B_{i_{2}}\otimes B_{i_{1}}\mathrm{L}arrow$ . . . $\cong \mathbb{Z}^{\infty}$
$u_{\infty}\mapsto$ $u_{\infty}\otimes(0)_{i_{1}}$ $\mapsto$ $u_{\infty}\otimes(0)_{\dot{\mathrm{z}}_{2}}\otimes(0)_{i_{1}}\mapsto$ . . . $\mapsto(\cdots, 0,0)$






$\mathbb{Z}_{\iota}$ ) (A) $\iota:=(\cdots, i_{k}, \cdots, i_{2},i_{1})$
$\vec{x}\in \mathbb{Z}^{\infty}$
$\sigma_{k}(\vec{x}):=x_{k}+\Sigma_{j>k}\langle h_{i_{k)}}a_{i_{j}}\rangle x_{j}$
$(j\gg \mathrm{O}$ $x_{j}=0$ $\sigma_{k}(\vec{x})$ $\mathrm{w}\mathrm{e}11- \mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d})_{\text{ }}$ $\mathrm{i}\in I,$ $k\geq 1$
$\sigma^{(i)}(\tilde{x})$ $:= \max$ { $\sigma_{k}(\vec{x})|$ for $k\mathrm{s}.\mathrm{t}\mathrm{i}_{k}=i$ },
$M^{(i)}$ $:=$ $\{k|i_{k}=\mathrm{i}, \sigma_{k}(\tilde{x})=\sigma^{(i\}}(\tilde{x})\}$
$\tilde{f}_{i}$ , $\tilde{e}_{i}$ $\vec{x}=(\cdots, x_{k}, \cdots, x_{2}, x_{1})\in \mathbb{Z}^{\infty}$ :
$\tilde{f}_{\dot{q}}(\cdots, x_{k)}\cdots, x_{2}, x_{1})=(\cdots, x_{k}+1, \cdots, x_{2}, x_{1})$ where $k= \min M^{(i)}$ ,
$\tilde{e}_{i}(\cdots, x_{k}, \cdots , x_{2}, x_{1})=(\cdots, x_{k}-1, \cdots , x_{2}, x_{1})$ where $k= \max M^{(i)}$ if $\sigma^{(i)}(\vec{x})>0$ ,
$\mathrm{o}.\mathrm{w}.\tilde{e}_{i}(\vec{x})=0$ .
$wt(\vec{x}):=-\Sigma_{j=1}^{\infty}x_{j}\alpha_{i_{j}},$





([NZ] ) (A) $\iota:=(\cdots, i_{k}, \cdots, i_{2}, i_{1})$
$k\geq 1$
$k^{(+)}$ $:= \min\{j|\mathrm{i}_{k}=i_{j}(k<j)\}$ ,
$k^{(-)}$ $:=$ $\max\{j|i_{k}=i_{j}(k>j)\}$ ( $k^{(-)}$ $k^{(-)}=0$ )




$:=\mathbb{Q}\otimes_{\mathbb{Z}}\mathbb{Z}^{\infty}=\{x=(\prec\cdots, x_{2}, x_{1})|x_{j}\in \mathbb{Q}, x_{k}=0(k\gg 0)\}$ .
$\mathbb{Q}^{\infty}$ $\beta_{k}(\tilde{x})$ (x\tilde \in Q :
$\beta_{k}(\overline{x})$ $=$





$\beta_{1}=x_{1}-x_{2}+x_{4}$ $(1^{(+\rangle}=4)$ , $\beta_{2}=x_{2}-x_{3}-x_{4}+x_{5}$ $(2^{(+)}=5)$ ,
$\beta_{3}=x_{3}-x_{5}+x_{6}$ $(3^{(+)}=6)$ , $\beta_{4}=$
$\beta_{k}(\tilde{x})$ $\varphi(\vec{x})=\sum_{k\geq 1}\varphi_{k}x_{k}$. $(\varphi_{k}\in \mathbb{Q})$ $S_{k}$
:
$S_{k}(\varphi):=\{$
$\varphi-\varphi_{k}\beta_{k}$ if $\varphi_{k}>0$ ,






$—\iota$ $:=$ $\{ S_{j_{l}}\cdots S_{j_{1}}(x_{j_{0}})|l\geq 0, j_{0\}}\cdots,j_{l}\geq 1\}$ ,




(P) $\varphi_{\iota}(j)\geq 0$ for any $\varphi(\vec{x})\in--\iota-$ .
:




Remark. Theorem 2.4 $B(\infty)$ $–\iota-,$ $\Sigma_{\iota}$
157
Example 25($A_{3}$-case) $\iota:=(\cdots, 3,2,1,3,2,1)$
$Im(\Psi_{\iota})=$ $\{$ $\vec{x}\in \mathbb{Z}_{\iota}|$$ $ \{$
$x_{1}\geq 0$ ,
$x_{2}\geq x_{4}\geq 0$ ,
$x_{3}\geq x_{5}\geq x_{7}\geq 0$, $x_{j}\equiv 0$
Remark. 0 $x_{j}$ $B(\infty)$
$B_{i}$
Weyl Kac-Moody
$\bullet$ Main result I
Rank 2 $A_{n}$ $A_{n-}^{(1)}$ , $B(\infty)$ [NZ]
,, $\Sigma_{\iota}$ Theorem
2.4 :
Theorem 26 $(\mathbb{Q}^{\infty})^{*}$ $’\iota$
$\Sigma_{\iota}’:=$ { $\tilde{x}\in \mathbb{Z}_{\iota}\subseteq \mathbb{Q}^{\infty}|\varphi(\tilde{x})\geq 0$ for any $\varphi\in-_{\iota}-.’$ }
:













$\iota:=(\cdots,n, \cdots, 2,1, \cdots,n, \cdots, 2,1)$
$n$ $\mathrm{g}$ $Xj;i:=x(j-1)n+i$
$\vec{x}\in \mathbb{Z}_{\iota}$ :
$\tilde{x}=(\cdots, x_{j_{j}i}, \cdots, x_{2;2}, x_{2_{j}1}, x_{1_{j}n}, \cdots, x_{1;2}, x_{1;1})$
158
$i\not\in[1, n]$ $x_{j;i}=0$
, $:=\{S_{j_{l}}\cdots Sj_{2}Sj\iota(x_{k;1})|k\geq 1, j_{1}, \cdots, j\iota\geq 1\}$ ,
$\sum_{\iota}:=$ { $\vec{x}\in\Sigma_{\iota}|\varphi(\vec{x})\geq 0$ for any $\varphi\in$ $\iota$ }
$\iota,$
$—\iota’\Sigma_{b}$ Theorem 26 3 $\Sigma_{\iota}$ $B(\infty)$
Remark. $\iota$ $x_{k_{j}1}$ $S_{j}$
$\underline{\bullet C_{n}}$
$C_{n}$
Theorem 27 ( $C_{n}$-case) $B(\infty)$ :
$xj_{j}i=0$ for $j_{)}\mathrm{i}\not\in[1, n]$ ,
$x_{1_{j}i}\geq x_{2_{j}i-1}\geq\cdots\geq x_{i;1}\geq 0$ for $1\leq i\leq n-1$ ,
$2x_{j;n}\geq x_{\mathrm{j}+1;n-1}\geq\cdots\geq x_{nj}\geq 0$ for $1\leq j\leq n$ ,
xj: j+l $\geq x_{jjn-j+2}\geq\cdots\geq 2xj;n\geq 0$ for $2\leq j\leq n$ .
Example 28($C_{5}$-case)
$x_{1}\geq 0$ ,
$x_{2}\geq x_{6}\geq 0$ ,
X3\geq X7\geq X11\geq O
$x_{4}\geq x_{8}\geq x_{12}\geq x_{16}\geq 0$ ,
$2x_{5}\geq x_{9}\geq x_{13}\geq x_{17}\geq x_{21}\geq 0$
$|\vee$ $|\vee$ $|\vee$ $|\vee$
$2x_{10}\geq x_{14}\geq x_{18}\geq x_{22}\geq 0$
$|\vee$ $|\vee$ $|\vee$




$2x_{25}\geq 0$ ( $x_{j}\equiv 0,$ $x_{j}\not\equiv 0$ $x_{j}$ 25).
$B_{n},$ $D_{n},$ $B_{6},$ $B_{7}$ , $E_{8},$ $F_{4}$ $B(\infty)$
158





) $R_{\lambda}:=\{r_{\lambda}\}$ ( $R_{\lambda}$ )
:
$\Omega_{\lambda}$ : $B(\lambda)arrow B(\infty)\otimes R_{\lambda}$ $(u_{\lambda}\mapsto u_{\infty}\otimes r_{\lambda})$ .
$\Omega_{\lambda}$ $\Psi_{\iota}$ unique :
$\Psi_{\iota}^{\lambda}$ : $B(\lambda)$ $arrow B(\infty)\otimes R_{\lambda}$ $\llcornerarrow$ $\mathbb{Z}^{\infty}\otimes R_{\lambda}$
$u_{\lambda}$




$\mathbb{Z}^{\infty}[\lambda]$ $\mathbb{Z}_{\iota}[\lambda]$ ) (A) $\iota:=$ ( $\cdots$ , $i_{k},$ $\cdots$ , i2, $i_{1}$ )
$\tilde{x}\in \mathbb{Z}^{\infty}[\lambda]$
$\sigma_{k}(\tilde{x})$ $:=$ $x_{k}+\Sigma_{j>k}\langle h_{i_{k}}, a_{i_{j}}\rangle x_{j}$ ,
$\sigma_{0}^{(i)}(\vec{x})$ $:=$ $-\langle h_{i}, \lambda\rangle+\Sigma_{j\geq 1}\langle h_{i_{k}}, a_{i_{j}}\rangle x_{j}$ $(i\in I)$
$\mathrm{i}\in I,$ $k\geq 1$
$\sigma^{(i)}(\vec{x})$ $:=$ $\max$ { $\sigma_{k}(\vec{x})|$ for $k\mathrm{s}.\mathrm{t}i_{k}=i$ },
$M^{(i)}$ $:=$ $\{k|i_{k}=\mathrm{i}, \sigma_{k}(\vec{x})=\sigma^{(i)}(\tilde{x})\}$
$\tilde{f}_{i}$ , $\tilde{e}_{i}$ $\vec{x}=(\cdots, x_{k}, \cdots, x_{2}, x_{1})\in \mathbb{Z}$“ $[\lambda]$ :
$\tilde{f}_{i}(\cdots,x_{k}, \cdots , x_{2}, x_{1})=(\cdots,x_{k}+1, \cdots , x_{2)}x_{1})$ where $k= \min M^{(i)}$ if $\sigma^{(i)}(\tilde{x})>\sigma_{0}^{(i)}(\vec{x})$ ,
$\mathrm{o}.\mathrm{w}.\tilde{f}_{i}(\vec{x})=0$ ,










$\bullet$ Polyhedral realization of$B(\lambda)$
$Im\Psi_{\iota}^{\lambda}(\cong B(\lambda))$ $B(\lambda)$
([N] ) (A) $\iota:=(\cdots,i_{k}, \cdots,i_{2}, i_{1})$
$k^{\{+)}$ $:= \min\{j|\mathrm{i}_{k}=i_{j}(k<j)\}$ ,
$k^{(-)}$
$:=$ $\max\{j|i_{k}=i_{j}(k>j)\}$ ( $k^{(-)}$ $k^{(-)}=0$ ),
Q $:=$ $\mathbb{Q}\otimes_{\mathbb{Z}}\mathbb{Z}^{\infty}=\{\vec{x}=(\cdots,x_{2}, x_{1})|Xj\in \mathbb{Q}, x_{k}=0(k\gg 0)\}$
Section 2 $\mathbb{Q}^{\infty}$ $\beta_{k}^{(\pm)}(\tilde{x})$ $(; \in \mathbb{Q}^{\infty})$ :
$\beta_{k}^{\mathrm{t}+)}(\vec{x})$ $=$ xk+k<j\Sigma <k( ) $\langle$hik’ $\alpha_{i_{j}}\rangle$ $x_{j}+x_{k^{\langle+)}}$ ,
$\beta_{k}^{(-)}(\vec{x})$ $=$ $\{$
$x_{k^{(-)}}+ \sum_{k^{(-)}}<j<k\langle l\iota_{i_{k}}, \alpha_{i_{j}}\rangle x_{\mathrm{i}}+x_{k}$ if $k^{(-)}>0$ ,
$- \langle h_{i_{k}}, \lambda\rangle+\sum_{1\leq j<k}\langle h_{i_{k}}, \alpha_{i_{j}}\rangle x_{j}+x_{k}$ if $k^{(-)}=0$ .
$\beta_{k}^{(+)}=\beta_{k},$ $\beta_{k}^{(-\}}=\beta_{k(-)}$ if $k^{(-)}>0$ (3.1)
$\beta_{k}^{(\pm)}(\vec{x})$
$\varphi(\vec{x})=c+\sum_{k\geq 1}\varphi_{k}x_{k}(c, \varphi_{k}\in \mathbb{Q})$ $\ovalbox{\tt\small REJECT}$
:
$S_{k}’(\varphi):=\{$
$\varphi-\varphi_{k}\beta_{k}^{(+)}$ if $\varphi_{k}>0$ ,
$\varphi-\varphi_{k}\beta_{k}^{(-\rangle}$ if $\varphi_{k}\leq 0$ .
(3.2)
$\iota$
$\iota^{(j)}$ $:= \min\{k|i_{k}=j(j\in I)\}$ ,
$\lambda^{(j\rangle}(\vec{x})$
$:= \langle h_{i_{k}}, \lambda\rangle-\sum_{1\leq l<\iota^{(i)}}\langle h_{i_{k}}, \alpha_{i_{l}}\rangle x_{l}+X_{b}(j)$
$\iota$
’
$:=\{S_{j_{k}}’\cdots S_{j_{1}}’\lambda^{(m)}(\vec{x})|m\in I, j_{1}, \cdots, j_{k}\geq 1\}$ ,
$\iota$
$[\lambda]$ $:=$ $\iota$ $\cup$ $’\iota$
$=\{S_{j_{l}}’\cdots S_{j_{1}}’(x_{j\mathrm{o}})|l\geq 0, j_{0}, \cdots , j_{l}\geq 1\}\cup\{S_{j_{k}}’\cdots S_{j_{1}}’\lambda^{(m)}(;) |m\in I, j_{1}, \cdots , j_{k}\geq 1\}$,
$\Sigma_{\iota}[\lambda]$ $:=$ { $\tilde{x}\in \mathbb{Z}_{\iota}[\lambda]|\varphi(\vec{x})\geq 0$ for any $\varphi\in---\iota[\lambda]$ }





Theorem 31 ([N]) $(\cdots, 0,0)\in\Sigma_{t}[\lambda]$
$Im$ ( $\iota\lambda$ ) $(\cong B(\lambda))=\Sigma_{\iota}[\lambda]$ .
$\Sigma_{\iota}[\lambda]$ $\iota$ $B(\lambda)$
Remark. Theorem 3.1 $B(\lambda)$ $-_{\iota}-.[\lambda],$ $\Sigma_{b}[\lambda]$
$\bullet$ Main result II
Rank 2 $A_{n}$ $A_{n-1}^{(1)}$ $B(\lambda)$ [N]
$–\iota-[\lambda],$ $\Sigma_{b}[\lambda]$
$\mathfrak{g}$
$\iota:=$ $(\cdot. . , n, \cdots, 2,1, \cdot. . , n, \cdots, 2,1)$ ,
$\vec{x}:=(\cdots\tau^{X}jji, \cdots, x_{2,2}., x_{2_{j}1}, x_{1;n}, \cdots, x_{1_{j}2}, x_{1;1})\in \mathbb{Z}_{\iota}[\lambda]$
( $x_{j;i}:=x_{(j-1)n+i}$ , $i\not\in[1,n]$ $x_{j_{j}i}=0$ )
Section 2
$\iota$
’ $:=\{S_{j_{k}}’\cdots S_{j_{1}}^{l}\lambda^{(r1\iota)}(\tilde{x})|m\in I, j_{1}, \cdots,j_{k}\geq 1\}$,
, $[\lambda]$ $:=$ , $\bigcup_{-t}^{-\prime}-$
$=\{S_{j_{t}}’\cdots S_{j_{1}}’(x_{k_{j}1})|k\geq 1, j_{1}, \cdots,j_{l}\geq 1\}\cup\{S_{j_{k}}’\cdots S_{j\iota}’\lambda^{(m)}(\vec{x})|m\in I, j_{1}, \cdots,j_{k}\geq 1\}$ ,
$\Sigma_{\iota}[\lambda]:=${ $x\prec\in \mathbb{Z}_{\iota}[\lambda]|\varphi(\vec{x})\geq 0$ for any $\varphi\in$ $\iota[\lambda]$ }
Theorem 26, Theorem 31 $\Sigma_{\iota}[\lambda]$ $B(\lambda)$
$\underline{\bullet C_{n}}$
$C_{n}$ $\mu:=(\mu_{1}, \mu_{2}, \cdots, \mu_{l}, 0,0, \cdots)(l\geq$
$1,$ $\mu_{i}\in \mathbb{Z})$ $\mu$ admissible pallern :
$\mu$ : $\mathrm{a}\mathrm{d}\mathrm{m}i\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}\Leftrightarrow\{$
2 $\leq\mu_{1}\leq n+1$ ,
1 $\leq\mu_{k}\leq\mu_{k-1}-1$ for $2\leq k\leq l$ ,
$\mu_{k}\geq 1\Leftrightarrow\mu_{k-1}\geq 3$ for $2\leq k\leq l$ .
Theorem 3.2 ( $C_{n}$-case) $B(\lambda)$ :
$x_{j;i}=0$ for $j,i\not\in[1,n]$ ,
$x_{1_{j}i}\geq x_{2;i-1}\geq\cdots\geq x_{i_{j}1}\geq 0$ for $1\leq i\leq n-1$ ,
$\mathit{2}x\text{ }n\geq x_{j+1_{j}n-1}\geq\cdots\geq x_{njj}\geq 0$ for $1\leq j\leq n$ ,
xj;n-j+l\geq x j+2 $\geq\cdots$ \geq 2x $\geq 0$ for $2\leq j\leq n$
182
$\lambda_{i}+x_{j:i-j}-x_{j;i+1-j}\geq 0$ for $1\leq i\leq n-1,1\leq j\leq i$ ,
$\lambda_{n}+\Sigma_{k=1}^{l}(x_{k-2+\mu kjn+1-\mu k}-x_{k-2+\mu_{k}|n+2-\mu k}.)\geq 0$
$\mu:=(\mu_{1}, \mu_{2}, \cdots, \mu_{l}, 0,0, \cdots)$ $l=1,2,$ $\cdots,$ $n$ $\mu$ : admis-
sible.
Example 33($C_{5}$-case) $B(\infty)$ Example 2.8
:
$\lambda_{1}$ $\geq$ $x_{1}$ ,
$\lambda_{2}$ $\geq$ $x_{2}-x_{1},$ $x_{6}$
$\lambda_{3}$ $\geq x_{3}-x_{2},$ $x_{7}-x_{6},$ $x_{11}$ ,
$\lambda_{4}$ $\geq$ $x_{4}-x_{3)}\cdots$ ,
$\lambda_{5}$ $\geq$ $x_{5}-x_{4},$ $-x_{5}-x_{8}+x_{9},$ $\cdots$ .
$B_{n},$ $D_{n},$ $E_{6}$ , $B(\lambda)$
Kac-Moody
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